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Abstract

Many recent industrializers seem to be experiencing a lower peak in manufacturing
labor share, and the peak is occurring at a much lower level of development relative
to what earlier industrializers experienced, Rodrik (2016) called this phenomenon pre-
mature deindustrialization (PD). Recent studies show that heterogeneity in sectoral
productivity across sectors and countries is the main driving of PD. Using a Schum-
peterian growth model of structural change, we show analytically how heterogeneity
in productivity affects the labor share at the peak in the industry sector and the
GDP at that peak through the ratio of the gap between productivity growth rates
in agriculture and industry sectors and the gap between productivity growth rates in
industry and services sectors. This ratio captures the tension between two opposing
forces: the force which pushes workers from agriculture into industry to the force that
pulls workers from industry into services. Through the lens of our endogenous growth
model, we show that PD can result from cross-country heterogeneity in the initial
levels of productivity and in the parameters governing sectoral innovation, ie. the
efficiency of R& D activity and the size of innovation in each sector.
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1 Introduction

Structural change refers to the reallocation of economic activity across the broad sectors of
agriculture, manufacturing, and services. As countries grow richer, the share of agriculture,
whether measured in employment or value-added shrinks, the share of services rises, and
the share of the manufacturing sector exhibits a hump-shaped pattern, increasing at low
levels of development (i.e., the industrialization phase), reaching a peak, and then declin-
ing in the later stages of development (i.e., the deindustrialization phase). Recent research
has documented heterogeneity in the patterns of structural change across countries. Ro-
drik (2016) shows that more recent industrializers entered the stage of deindustrialization
at lower income levels with lower peaks of manufacturing shares, compared to more ad-
vanced economies that had industrialized earlier. He called this phenomenon “premature
deindustrialization” (PD).

Recent research investigating the mechanisms behind premature deindustrialization
argues that this phenomenon is the result of heterogeneous productivity across sectors
and across countries (Huneeus & Rogerson 2020, Fujiwara & Matsuyama 2022 and Sposi
et al. 2021). This paper aims to answer two questions. First, how does the heterogeneity
in productivity affects the labor share in the industry sector at its peak and the GDP
at that peak? Second, what are the determinants of heterogeneity in productivity across
countries?

To address these questions, we develop a multi-sector Schumpeterian growth model
in which structural change is driven by sector-biased productivity growth generated by
asymmetric technology of innovation across sectors. Following Ngai & Pissarides (2007)
and Boppart (2014), we focus on the Baumol effect which emphasizes the importance
of non-unitary sectoral substitution elasticities in conjunction with unequal productivity
growth across sectors. This mechanism is the most important driver of the structural
change (Dennis & Iscan 2009, Uy et al. 2013 and Swiecki 2017)!. In our endogenous growth
model, there are three consumption goods: agriculture, industry, and services, which are
produced competitively using a continuum of intermediate goods. There is free entry into

innovation and each firm performs R&D intending to innovate in a line of intermediate

!Other drivers behind structural change are the income effect which emphasizes on the income elasticities
of demand for each sectoral good differ from one (e.g. Kongsamut et al. 2001, Herrendorf et al. 2013 and
Uy et al. 2013) and International trade which emphasizes on change of labor share due to specialization
which accompanied sectoral productivities growth (e.g. 7, ? and ?).



good and becomes a monopolist producer for this line. Sectoral productivity growth results
from vertical innovations through quality ladder setup.

We have four key findings. First, we show that under plausible conditions, our model
is consistent with the empirically observed pattern of structural change as well as ag-
gregate balanced growth in which structural change takes place underneath. Second, we
show analytically that heterogeneity in productivity across sectors affects the labor share
at the peak in the industry sector and the GDP at that peak through the ratio of the
gap between productivity growth rates in agriculture and industry sectors and of the gap
between productivity growth rates in industry and services sectors, we call this ratio the
Sectoral Productivity Growth Gap Index (SPGI). This index captures the tension between
two opposing forces: the force that pushes labor from agriculture to industry and the force
that pulls labor out of the industry for services. A large SPGI would imply a reallocation
of workers from agriculture to the industry greater than the reallocation of workers from
the industry to the services sector, while a smaller SPGI would imply the opposite effect.
Third, through the lens of our Schumpeterian growth model, we show how innovation pa-
rameters such as the efficiency of R&D activity and the size of innovation in each sector?
can affect the SGPI, and then the labor share in the industry at its peak and the GDP at
that peak. We show how the heterogeneity of these parameters across countries and sectors
can explain PD and the subjoined conditions necessary to obtain these results. Four, we
show that premature deindustrialization can result from heterogeneity across countries in
the level of initial productivity across sectors and countries.

Our paper is related to two strands of the structural change literature. The first strand
is the research that documents the premature deindustrialization of a large sample of
countries and includes Rodrik (2016), Felipe & Mehta (2016), Felipe et al. (2019) and
Haraguchi et al. (2017). The second strand pertains to the literature on the endogenous
growth model of structural change. This research includes Zhang (2018a), Bondarev &
Greiner (2019) and Guillo et al. (2011) who do not examine whether structural change
is consistent with aggregate balanced growth and on the other hand Boppart & Weiss
(2013), Herrendorf & Valentinyi (2015) and Hori et al. (2018) who build endogenous growth
models consistent with aggregate balanced growth. All previous papers do not examine

the mechanism behind premature deindustrialization.

2The size of innovation refers to the magnitude of enhancement of productivity resulting in each inno-
vation.



Our paper is also close to the growing literature developing models of premature dein-
dustrialization including Huneeus & Rogerson (2020), Fujiwara & Matsuyama (2022) and
Sposi et al. (2021). Like us, these three papers develop models of deindustrialization which
emphasize sectoral productivity growth. Huneeus & Rogerson (2020) show that hetero-
geneous patterns of catch-up in sectoral productivities across countries are key drivers
of both structural change and deindustrialization. Fujiwara & Matsuyama (2022) show
that heterogeneity in technology gaps between sectors and across countries can explain
the declining “hump” pattern for the later industrializers, as well as the lower per capita
income at that hump. Sposi et al. (2021) use a Ricardian setting to investigate the role of
trade integration and sector-biased productivity growth on deindustrialization. They find
that sector-biased productivity growth alone can explain about 60 percent of patterns of
deindustrialization. They also find that the rapid fall of trade costs in the manufacturing

sector has contributed to deindustrialization.

Our paper supports the finding of these papers which argue that heterogeneity in
sectoral productivity across sectors and countries can explain deindustrialization. We
contribute to this literature by showing how heterogeneity in sectoral productivity affects
labor share in industry at its peak and the value of GDP at that peak. Moreover, while all
these papers consider exogenous productivity growth, we use an endogenous growth model
which allows us to show that heterogeneity in sectoral’s innovation can explain premature
deindustrialization.

The paper is organized as follows. Section 3.2 presents our model, Section 3.3 analyzes
the aggregate balanced growth path. In Section 3.4, we analyze the deindustrialization

along the aggregate balanced growth path while the final Section concludes.

2 Model

In this section, we describe our endogenous growth model of structural change in the
Schumpeterian framework. There are three consumption goods in the economy: agricul-
ture, industry/manufacturing, and services denoted by j € a, m, s respectively. The final
good in each sector is produced competitively using a continuum of intermediate goods.
Each variety of intermediate goods is produced by monopolistic firms using labor. Labor

is fully mobile across sectors. There is free entry in R&D activity and the monopolist firms



operating in each sector use the final goods in that sector for R&D. The economy is closed,

and the time is continuous and denoted by t € [0, c0).

2.1 Households

The economy is populated by a representative household with constant relative risk aversion

(CRRA) preferences given by
o1
U= / e_”t(idt, 0>0,0#1, (1)
0

where p is the discount factor, 6 stands for the inverse of the elasticity of substitution, and
C'(t) denotes an aggregator function for the consumption of final goods at period ¢. We

assume the homothetic constant elasticity of substitution (CES) form

g
o—1
o—1
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j=a,m,s j=a,m,s
where 7, sum to one and represent the weights assigned to the consumption of the final
good of each sector, C}(t) is the consumption of the sector j final good at time ¢ and o
is the elasticity of substitution between sectoral goods, we assume that sectoral goods are
gross complements, so that 0 < o < 1.

The representative household inelastically supplies L units of labor in each period. The
total income received by the representative consumer at time ¢ is the sum of labor income,
w(t)L, and asset income r(t).A(t), where w(t) is the wage rate at time ¢, r(t) is the real
interest rate at time ¢, and A(¢) is the representative household assets at time ¢.

The representative household maximizes its utility defined in (1) and (2) subject to the
flow budget constraint

A(t) + E(t) < w(t)L + r(t)A(1), (3)

and the usual no-Ponzi condition,

- r(u)du
lim 6/0 () A(t)| > 0.

t—o00

E(t) is the household total expenditure at date ¢,



j=a,m,s
where Pj(t) is the price of sector j final good at date t. Throughout, we normalize the

aggregate price index at any date to one:

Il
—_

P(t)=| > mF' (4)

j=a,m,s

The representative household’s intertemporal optimization problem delivers the stan-

dard Euler equation,

Et) ~ Clt) 6 (5)

This is the familiar form of the Euler equation which is consistent with a constant growth

path along which the interest rate is constant.

The first-order conditions of the household optimization problem imply that

Cj(t) = mjr(t) " Pi(t) 7, (6)

where k(t) is the costate variable associated with the representative consumer’s intertem-
poral budget constraint.
Differentiating equation (6) with respect to time ¢ implies that the evolution of sector

Jj final consumption Cj(t) follows

G r-p B .
Cj'(t) = T an-(t) Vi € {a, m, s}. (7)

See Appendix A.2 for proof.

2.2 Technology

Turning to the production side, there is one final good in each sector which is produced with
intermediate goods. Each intermediate good producer uses labor as a production factor.

In this section, we present the production technology of both final and intermediate goods.



2.2.1 Final goods

There is a unique final good by sector that is produced using a continuum of intermediate
goods as inputs. The production function for the single final good in sector j is

_&_
e—1

1
1 =1
Y;(t) = UO Ay, ) (v, ) Fdy | (8)
where z(v;,t) is the flow of intermediate good v; used in the production of sector j final
good at time ¢, A(v;,t) denote the quality or productivity of v; intermediate good and

€ > 1 is the elasticity of substitution between varieties of intermediate goods. We assume

that intermediate goods fully depreciate after use.

The sectoral final goods are produced competitively. So, faced with the given price of
the intermediate good v}, which is denoted by p(v;,t), the profit maximization problem of
the final good producer in sector j is given by

_£€
e—1

max P;(¢) [/01 A(l/j,t)im(l/j,t)ssldl/j} _/Olp(yj,t)x(yj,t)dyj.

x(l’j 7t)

The first order condition of the above profit maximization problem leads to the inverse

demand function for intermediate good v; is given by

Yi(t)
x(ijt)

m =

p(vj, t) = Pj(t) ( >€ A(vj,t)e. (9)

2.2.2 Intermediate good production

Intermediate good v; is produced by the monopolist who has the best (leading-edge) tech-
nology A(vj;,t) in that product line at the date ¢. At any given point in time, each leading
firm has access to a technology capable of producing one unit of intermediate variety v;
with ¢; units of labor.

The monopolistic producer selects its price to maximize profits

m(wj ) = pv;r(vy,t) — w(t)pjz(v;,t) (10)

5.t p(vj,t) = Pi(t) (Yﬂt))) A(v;, )%

x(vj,t



The price and the production level of intermediate good v; follow from this maximization

as
e—1 Py(t)

e gjuw(t)

pt) = S ogul) and a0 = ) VoA, )

2.2.3 Sectoral and aggregate outputs

The price of the final good in sector j equals

P = ([ At 0) = o a0 (12)

where Aj;(t) is the average of all intermediate goods productivities in sector j at time ¢

defined as follows

1
Aj(t)E/O A(]/j,t)dljj. (13)

By substituting the price of sectoral final goods in (12) in the expression of the nor-

malized price index in (4), we get

w(t) = At), (14)

where
1

AR =] > (<Z>jf4j(t)_€‘1)1_a ~ (15)

j=a,m,s

and refer to the aggregate productivity in our economy. Thus, the real wage is proportional

to aggregate productivity.

Substituting the price of sectoral final goods in (12) into equation (11) we obtain also
w(vj,t) = Aj(t) =TY;(t)A(vj, 1) (16)

Recall that the production of each unit of the intermediate goods v; requires ¢; units of
labor. Thus, the number of units of labor L;(t) use to produce all intermediate goods in

sector 7 at time ¢ is

1
Li(t) = /Oqﬁjm(Vjvt)de- (17)



Combining equations (16) and (17) leads to the expression of the production function of

sector j final good

_ 1
Y;(t) = ¢5 1A (8) =T L (). (18)
The equilibrium profits can then be computed as

) = o) = ZAOL 7.

(19)

This last equation shows that profits grow with aggregate productivity and the distance
of the productivity of variety v; from the average productivity in sector j.

Total output at period t is given by

Y()= Y PB)Y;t) = A(t)L(®), (20)

j=a,m,s

and the total profit generated by the monopolistic producers at period ¢ is

1

nwm= Y / w(yj,t)dujzéA(t)L(t). (21)

j:a/7m7s 0

We denote by GDP(t) the real GDP in period t. In our model, GDP(t) is equal to

the sum of valued-added generated in all sectors.

GoP(t) = 3 [(pj(t)yj(t)_ /0 lp(yj,t):z,‘(l/j,t)duj>+ /0 s, )5 1)

]:(J”m’S

= Y.

Since at labor market equilibrium L(t) = L, the equilibrium real GDP per worker and the
aggregate profits in the economy are proportional to the aggregate productivity. Thus, the
growth of real GD P per worker in the model is determined by the growth of the aggregate
productivity in the economy. We will now analyze the mechanism and motivations for

innovation before closing the model presentation.

2.2.4 Innovation, productivity growth, and entry

There is an infinite number of innovators that can freely conduct the R&D. The innovators

compete to discover the next generation of machines. We assume that each innovation



at date t in any variety v; allows the innovator to produce this variety with "leading-
edge" technology. The previous incumbent in variety v;, whose technology is no longer
on the leading edge, will be displaced. We consider the quality /productivity ladder setup.
Innovation on each line of intermediate good v; increases the productivity of this variety
by a constant v; > 1, which we call the size of innovation in the sector j. Therefore, if
an innovation occurs with probability u(v;,t) in intermediate good v}, then productivity
increases from A;(vj,t) to vjA;(v;,t). If, on the contrary, there is no innovation in v; at
date ¢ (with probability 1 — p(v;,t)), the level of productivity of the variety v; remains at
Aj(vj,t). We can write
v;A(vj,t)  with probability — pu(vj, t)At + o(At)

A(l/j,t + At) =
A(vj,t) with probability (1 — p(v;,t)At) + o(At)

The expected level of productivity of variety v; at time t + At is given by
A(Vj7 t+At) = N(Vjv t)’YjA(V]ﬁ t)At + A(Vjv 1 - :U’(Vjv t)At] + o(At).

Aggregating over v;, and taking the limit where At is close to zero, we derive the growth

rate of aggregate productivity in the sector j as follows

. 1
Aj(t) = (% — 1) /0 (v, ) A, ). (22)

Equation (22) shows that productivity growth rate in sector j depends positively on the
size of innovation in that sector ;.

We now turn to the innovation technology. We assume that each innovator in sector j
uses the final good of that sector to perform R&D. The probability u(v;,t) of innovation

in variety v; of sector j is given by
H(Vjvt) = )‘jZ(Vjat)Aj(t)d}A(t)Cv (23)

where Z(vj,t) is the number of units of sector j final good spent in R&D on intermediate
good vj, Aj(t) is the average productivity of all intermediate goods in sector j at time ¢
defined in equation (13) and A(t) is the aggregate productivity in the economy defined in

equation (30). The parameters ¢ and ¢ measure the degree of spillover effects of the current

10



levels of sector j and aggregate productivities to future technology invention, respectively.
As in Zhang (2018a), we assume ¢, ¢ € (—00,0) to capture the “fishing out” theory in
which the rate of innovation decreases with the level of current technology. Finally, the
parameter A\; > 0 refers to the efficiency of R&D activity in sector j.

Let V(v;,t) be the value function of the producer of the intermediate good v;. The
objective of a potential entrant is to choose Z(v;,t) at each period to maximize the flow
of expected profits from the research by solving the following optimization problem

nax, 1 (g, 1) V(s t) — Pj(t) Z(vj, 1),
st u(v,t) = NZ(vj, t)Aj (1) A(L)S.

Free entry implies that the present value of the monopoly profits for the higher quality
of the variety v; equals the entry cost into the production market of this variety

P;(t)

V) = A At

(24)

Moreover, innovator in variety v; realizes a stream of future profits with a present value

of

0 — s'ru (vi,uw)|du
V(Vj,t):/t+ e /t[( ) F i) (v}, s)ds. (25)

Differentiating equation (25) with respect to time ¢, we obtain the following Hamilton-

Jacobi-Bellman (HJB) equation

V(Vj7t)
V(Vj7t)

7r(Vjﬁt)
V(Vjﬂt)’

= r(t) + vy, ) - (26)

Substituting equations (19), (23) and (24) in relation (26) and aggregating with respect to
v; yields

(27)

1
where Z;(t) = / Z(vj,t)dv; is the total unit of sector j final good use in R&D activity
0

in that sector.

11



2.3 Market Clearing and Dynamic Equilibrium

In this subsection, we describe the market clearing conditions.
Goods market: Sectoral final goods are used for household consumption and R&D
expenditure. Then,

Ci() + Zi() = ;1) Vi€ {a.m.s}. (28)

Labor market: The labor market clearing conditions can be written as
Lo(t) + Lin(t) + Ls(t) = L(t), and L(t) = L. (29)

Asset market: Finally, asset market clearing implies

1
B;(t)
t) = V(vj, t)dvj = — 30
AW Z /0 SR Z AjA; ()Y A(L)C 30)
Jj=a,m,s J=a,m,s
Dynamic equilibrium: Dynamic equilibrium in this economy consists of a collection

of time paths of
e consumption levels [Cy(t), Cr(t), Cs(t)]72s
e number of workers [Lq(t), Lm(t), Ls(t)];2,

[e.e]
e qualities leading-edge varieties [{A(uj, t)}ijzo , j=a,m, s} o’

[o.¢]
e demand of intermediate goods {{x(yj,t), }ij_m j=a,m, s} "
- i
. 1 . 0
e R&D expenditures [{ Z(Vj7t)}uj:0’ j=a,m, s} o
t—
e wage rates, interest rates, prices of final goods [w(t), r(t), Pj(t), j = a,m, s];2, and
oo
prices of intermediate goods [{P(Vj,t)},ljjzoa Jj=a,m, s} ,

such that given wage rates, interest rates, and prices of final and intermediate goods, the
representative household maximizes its utility, competitive final goods producers choose
quantities to maximize profits, intermediate goods monopolists set prices to maximize
profits, varieties productivities evolve according to the innovation technology given the
R&D expenditure, the R&D expenditure on each variety is determined by free entry and

all markets clear.

12



3 Balanced growth and desindustrialization

This section examines whether our model is consistent with the empirically observed pat-
terns of structural change, in particular hump shape in the industry sector and aggregate

balanced growth.

3.1 Balanced growth

We follow Ngai & Pissarides (2007) and Herrendorf et al. (2018) and define an aggregate

balanced growth path (ABGP henceforth) in our economy as follows.

Definition 1 (Balanced Growth) The aggregate balanced growth path (ABGP) is defined
as an equilibrium growth path where aggregate consumption and output grow at the same

constant rate.

Note that this definition which requires balanced growth for aggregate variables does not
require balanced growth for sectoral variables (equal growth rates across sector). Hence,

it allows for structural change along the ABGP.
Lemma 1 Along ABGP
1. the interest rate r(t) is constant

2. all aggregate variables grow at the same rate:

() _r(t)—p )

This equation implies that E(t) and C(t) grow at the same rate and r(t) is constant along
ABGP. We will note it from now on by r. Thus,

We assume that the model’s parameters are such that this growth rate is positive.

13



Moreover, the budget constraint (3) can be rewritten as

This implies that the representative household assets A(t), the total expenditure E(t), and
the real wage w(t) should grow at the same constant rate along ABGP. Moreover, recall

that

wit) = == LA@®) and V() = AW)L.

Differentiating these relations with respect to time ¢ leads to,

The question that arises here is whether there is structural change along the ABGP. We
address this question in the next lemma. The following assumption imposes restrictions
on technology and preferences parameters to ensure a constant growth rate in sectoral
consumption and output along the ABGP. It is worth noting that this type of restriction
is common in Schumpeterian endogenous growth literature. Noting also that the growth

rate of consumption is different across sectors as well as the growth rate of output.

o
e—1"

Assumption 1 (i) ( = —(1 — o), (i) Y = —

Lemma 2 If Assumption 3.1 holds, structural change takes place along the ABGP. That

is, the employment shares of sectors agriculture, industry, and services change over time

along the ABGP.

Lit) 1—0 At

Lo - T A (33
Vi) Gy o Ait)

v~ on - T (84

14



Proof. Differentiating the price in equation (12) with respect to ¢ gives

(0 _ a1 A
0 " wlt) e 1A(D)

which we use for substitution into Euler equation of Cj(t) in equation (7) and obtain

Ci(t) r—p _w(t) o Aj(t) o Ai(t)
Cj -0 + ! —(1—0)7+5_1A2(t).

it 0 w(t) e —1A;(t) (35)

The resources constraint in sector j is given by
1 1
Cj(t) + Z;(t) = Y;(t) = ¢ A (1) =1 Ly (1).

This equation tells us that along the ABGP, consumption, R&D expenditures and output
in sector j grow at the same rate.
Ci(t) _ Zi(t) _ Y;(t) L Aj() | L)

G0 = Z,() " Vi) e 1A,0) T L) (36)

Thus, along the ABGP, consumption, R&D expenditures are proportional to output in
sector j. We denote by z; and ¢; the corresponding proportionality coefficients. We can

write

Zi(t) = %Yi(t) = %65 Li(H)A; ()7, (37)
Cilt) = eY5() = ;67 Li(H) A;(H)7 7. (38)
Furthermore, the free entry condition of R&D in equation (27) can be rewritten as
A®) (L VAW ) 0 AL (0 A1)
1-040 - (v 27) Fi =0+ (5 - L) vornaeraes. o)

This equation implies that Y;(t)A;(t)¥ A(t)¢ has to be constant along the ABGP. Knowing

this, we deduce that

A(t)
A(t)

¢ == — (- (40)

Aj(t)
A;(t)

15



Putting equations (35) and (40) together yields the following restriction on parameters

o
e—1"

(=—-(1-0) and ¢ =-— (41)

Given these restrictions, (35) implies that the growth rate of consumption and output in

sector j is ) ) )
Yi(t) _ G5(0) o A1)
= =(l-0 Y )
v =G - T e A
which together with (36) yields
Lo 1-e A
O R P ROy

Lemma 3.2 shows that the labor growth rate in a given sector is negatively related to
productivity growth in that sector, while the output growth in a sector is positively related
to the productivity growth in that sector. This lemma also shows that along the ABGP,
the labor reallocation across the agricultural, industrial, and services sectors is determined
by asymmetric productivity growth across sectors. Since € > 1 and 0 < ¢ < 1, workers
will move from the sector with high productivity growth to sectors with low productivity
growth. The next proposition gives the expression of productivity growth rate and sectoral

labor in each sector along ABGP.

Proposition 1 Along the ABGP, sectoral productivities grow at the constant rates given

by
At o Ny (21 6
A]»(t): 713 7 [ ng (g L+(7—r))\‘j"‘ >7j+1“ (42)
i0 (- 1= [ e\ e ol
The expression for labor in sector j is given by
_ 1—0 e—1 H b
Li(t) = |niot 7 (v —1 1) (—L —r) L)+ 21
i) [m% <(% e ) ( s bt /\jonjo>+)\j }
_1l-0 1 ]. — 0 7 -1
A0 a0 (- g 1= 2 (43)

where

At
r=2-o0-0)y—p, and jozargmin{ ]()
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Proof. See Appendix A.2.
Let denote g; the growth rate of productivity A;(t) along the ABGP according to Propo-
sition 3.1.

It remains to characterize the labor share along the ABGP. Equation (34) implies that
workers shifts over time from the high productivity growth to the low productivity growth
sector. Thus, we focus our attention on cases where g, > ¢, > ¢s to allow our model
prediction to be consistent with the empirically observed patterns of structural change
characterized by the decreasing labor share in agriculture, the hump-shape in industry,
and the increase in the labor share in services. As documented by several authors includ-
ing Herrendorf et al. (2014), this ranking of sectoral productivity growth rates is verified
empirically for a large sample of countries. Therefore, this is consistent with the following

assumption.

Assumption 2 We assume that model parameters are such that

Ga > Gm > s,

where g; refers to the productivity growth rate in sector j.

Lemma 3 If Assumption 3.2 holds, along the ABGP

1. the labor share in agriculture monotonously decreases over time , the labor share in

services monotonously increases over time,

2. the labor share in industry exhibits a “hump-shaped” pattern and the date of the peak

s given by

5_1 1 La(o)ga_gm]
t* = log[ , 44
1_0'9(1—95 Ls<0)gm_gs ( )

where the expression for L;(0) is given by equation (43), which depends only on the initial

sectoral productivities and the model’s parameters.

Fujiwara & Matsuyama (2022) find similar results of the date for peak in industry. However,
they focus instead on how sectoral technology adoption lags affect this date and the labor

share in the industry and GDP at the peak.
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Proof. Let s;(t) be the labor share in sector j i.e.

L;(t)

> Li(t)

k=a,m,s

sj(t) =

According to equation (33), labor in sector j grows at a constant rate and can be written

as

where

_l-0o Y 1—0 A L
XAJ(O) eflA(O)l ((’Yj—l) -1 +1—1J) .

with L;(0) and A;(0) refering to the initial value of L;(t) and A;(0) respectively. It follows

that
L;(0 exp{( 1—0)7—17%9-) t} . —1=Fg;t
Sj(t) _ J( ) ( € 11 J _ LJ(O)G 1 1]_0g : (45)
— 0 T e—1
> new |((-op-2T0)d X O
k=a,m,s €- k=a,m,s
Differentiating (45) with respect to t gives
(1) 1 Li(0) 1(0) -
Sj — 0 t l1—0o t
= (9% — 95) T Jo~tot| (46)
si(t) g—lkz?é] 77 L;(0) g L;(0)
Sa(t 5 (T t
Equation (46) implies that if g5 < gm < ga, SL() <0, 55(1) > 0 while the sign of Sm(t)
sa(t) ss(t) sm (t)

change. To show that s,,(t) exhibits a hump-shaped pattern, we will show that

>0, Vt<t* and <0, Vt<tr.
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According to equation (46),

Sm(t) La(o) —l=og.t — =2 gmt
— 0 = e—1 YGa _ e—1 gm _ — 0
- o =% (ga—gs)t _ Ls(0) gm — gs
La(o) 9a — 9m
-1 1 L,(0 —
SO Yo
1—09a—9s LS(O)gm_gs
: - . $m (1) . $m (t) .
It’s straightforward to verify that —= > 0, V ¢ < t* and < 0, Vt < t*. This
sm(t) sm(t)

completes the proof of Lemma 3.3.1

We formulate the following assumption to guarantee that date t* is positive.

Assumption 3 The economy’s parameters are such that

La(o) 9a — 9m >

1.
Ls(o) 9m — Gs

where the expression of g; and L;(0) are given in Proposition 3.1.

Definition 2 The sectoral productivity growth gap index (SPGI) is defined as the ratio
between the gap in productivity growth rates in the agriculture and industry sectors to the
gap between the productivity growth rates in the industry and services sectors, which is

represented by g
g= o9
9m — Gs

The sectoral productivity growth gap index g is positive under Assumption 3.2 and
captures the tension between two opposing forces. Indeed, g, > ¢, pushes labor out of
agriculture to industry while g,, > g5 pulls labor out of industry for services. A large
SPGI would imply a reallocation of workers from agriculture to industry greater than
the reallocation of workers from industry to the services sector, while a smaller g would
imply the opposite effect. The hump-shaped in the industry sector results from these two
opposing forces. At earlier stages of development when the share of agriculture is high, the
flow of workers moving from agriculture to the industry sector exceeds the flow of workers
moving from industry to the services sector. That corresponds to the industrialization

phase. At later stages when the share of agriculture is low, the inflow of workers into

industry is less than the outflow and that corresponds to the deindustrialization phase.
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Having shown that the labor share in the industry sector exhibits a hump shape pattern
and have also determined the date of the peak, we turn to the analyzis of the labor share

in industry and the GDP at this peak.

Lemma 4 (Labor share and GDP at the peak)

1. The labor share in industry at its peak is :

Lo(0) (La(0) \ 7o
1+me><L4mg> (1+9)

-1

Sm(t%) =

2. The GDP at that peak is given by
l1—-0o - —
Ma ba ) ( Aa(o) > et (La(o) > I+g
14— (= 48
e C TIm (¢m A (0) LS(O)g (48)

@GR T ERT R

GDP(t*) = L 1™ A,,(0)=1

with

L;(0) = [T’jd,ﬂl‘_a ((%‘ -1 i:({ * 1> <€;1L o= Afb) i (ﬁjr}

_l-=¢ — 1-0o vj !
< A0 F a0 (-0 =T 41 )

Proof. See Appendix A.2.
The growth rate of several variables including sectoral productivities depends on +, the
growth rate of the aggregate productivity A(¢). The next Lemma gives the expression of

this parameter.

Lemma 5 Along the ABGP, the growth rate of our defined aggregate productivity A(t) is

7=<@—D+5_1)1<7&m5_1L—0- (49)

vs — 1 8¢g55_75

given by

Proof. See Appendix A.2.
Lemma 3.5 shows us that in the long run, the economy’s growth rate will depend

essentially on the parameters characterizing innovation in the service sector. This result
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is intuitive because, along our balanced growth path, there is a perpetual reallocation of

workers from other sectors to the service sector.

3.2 Premature deindustrialization

In this section, we investigate the potential drivers of premature deindustrialization. To do
so, we identify the factors that would negatively influence both the labor share in industry
at its peak and GDP at that peak and we identify conditions under which these factors
can generate PD. Lemma 3.4 reveals that factors that jointly affect labor share in industry
and the GDP at the peak are (i) the sectoral productivity growth gap index g, (ii) the
relative level of initial productivity A,(0)/As(0) and A,(0)/A;,(0) which affect the labor
share in the industry at its peak and GDP at that peak through the relative initial labor
Lq(0)/Ls(0), and, L,(0)/Ly,(0) and; (iii) all other parameters of the model whose effect
goes through the relative labor L,(0)/Ls(0).

An important result highlighted by Lemma 3.4, which constitutes one of the contribu-
tions of this paper, is that the growth rates of sectoral productivity affect the labor share
in industy at its peak and GDP at that peak only through the SGPI. Huneeus & Rogerson
(2020) found that PD can be explained by heterogeneity in agriculture productivity growth
across countries. Our findings show analytically that this heterogeneity affects the labor
share in industry at its peak and the GDP at that peak through our defined SGPI.

The following proposition shows how g, L4 (0)/Ls(0), A4(0)/As(0), and A,(0)/A(0)
affect the labor share in the industry at its peak and GDP at that peak.

Proposition 2 Determinants of labor share in industry at its peak and the GDP at that

peak:
Ospm (1) Ospm (t¥) Ospm (1) Ospm (1)
>0 >0 >0 <0
) L (0 ? Ay (0) ’ Ay (0
99 I 0350 I5
(50)
OGDP(t* OGDP(t* OGDP(t* OGDP(t*
ag( '>0 8La<o<) Lo 8Aa(o(> L>0 8Aa(o(> Lo
L(0) A (0) A.(0)

Proof. See Appendix A.2.
Proposition 3.2 shows that the labor share in the industry and GDP at the peak are all

increasing with the sectoral productivity growth gap index g, relative labor L,(0)/Ls(0)
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and relative productivity A,(0)/A.,(0) while they decrease with A,(0)/As(0). These results
are rather intuitive. Indeed, a large g reflects the fact that the force pushing workers from
agriculture into the industry sectors is relatively greater than the force pulling workers from
industry into the services sectors. In addition, a high A,(0)/A;,(0) implies a higher relative
price between industry and agriculture goods. This implies more workers in industry and
fewer workers in agriculture according to the Baumol effect. In the same vein, a high
Aq(0)/A5(0) implies a higher price of services relative to agricultural goods. It follows that
a higher labor share in agriculture implies in a flow of workers moving from the agriculture
to the industry sector that may exceed the flow of workers moving from industry to the
services sector. Furthermore, a large value of L,(0)/Ls(0) means that there are initially
more workers still in the agriculture sector, that leads to an important flow of workers
moving from agriculture to industry that exceeds the flow of workers moving from industry
to services.

Proposition 3.2 emphasizes that a country with a lower g, Lq(0)/Ls(0) and A,(0)/An(0)
or a higher A,(0)/As(0) will experience a lower labor share in the industry at its peak and
GDP at that peak compared to a country with a higher g, L,(0)/Ls(0) and A,(0)/A(0)
or a lower A,(0)/As(0). Hence, heterogeneity across countries in sectoral productivity
growth gap index g, and relative productivities A,(0)/As(0), A4(0)/As(0) and relative ini-
tial labor L,(0)/Ls(0) can generate the heterogeneity in the level of labor share in industry
at its peak and GDP at that peak. This proposition highlights that PD can result in het-
erogeneity across countries in relative productivities A,(0)/As(0) and A4(0)/A5(0) as well
as all parameters that afect g and L, (0)/Ls(0).

The question that remains to be answered is how model parameters affect the SGPI,
g, and the relative labor L,(0)/Ls(0). Recent quantitative studies including Dennis &
Iscan (2009), Uy et al. (2013) and Swiecki (2017) have shown that asymmetric productivity
growth across sectors is the main driver behind the structural change. Our analysis focuses
on the parameters that govern sectoral productivity growth. More precisely we focus on the
efficiency of R&D activity A; and sectoral size of innovation v; that can generate unequal
productivity growth across sectors. Proposition 3.3 shows how these parameters affect g

and L,(0)/Ls(0).

22



Proposition 3 Variation of g and Lq(0)/Ls(0) with efficiency of REID activity ;.

> 0. (51)

SR R
Proof. See Appendix A.2.

Proposition 3.3 says us that g increases with the efficiency of R&D activity in agriculture
and services A\, and A respectively, and decreases with the efficiency of R&D activity in
industry A, while L,(0)/Ls(0) decreases with A, and increases with ;. Therefore, a
country with higher efficiency of R&D in industry and/or lower efficiency of R&D in the
service sector will exhibit a lower labor share in industry at its peak and lower GDP at
that peak. However, effect of efficiency of R&D activity in agriculture is not monotonic
(See Appendix A.2). This parameter positively affects the labor share and GDP at the
peak in the industry sector through the SGPI, g, and negatively affects them through
La(0)/Ls(0).

Proposition 3.3, reveals that premature deindustrialization can result from low effi-
ciency of R&D activity in the industry sector and high efficiency of R&D activity in the
service sector.

The following proposition states the implications stemming from a different size of

sectoral innovation.

Proposition 4 Variation of g and Lq(0)/Ls(0) with parameters ~;

N 1 R
) R RETC ) B
() onleron (- )]

Proof. See Appendix A.2.

Proposition 3.4 shows that g increases the size of innovation in agriculture and services
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~ve and s and decreases with the size of innovation in industry ~,,. It also shows that
the direction of variation of L, (0)/Ls(0) with respect to these parameters depends on the
values of parameters. We assume that € + 0 — 2 > 0 because o is positive and the lower
bound of the value of elasticity of substitution across varieties ¢ used in literature is two?.
Given this assumption, we will discuss different cases.

If 1 < oe, the relative labor L,(0)/Ls(0) increases with v, and decreases with ~s.
Combining this result with the directions of variation of g with sectoral innovation sizes
presented above, we can conclude that if an economy is such that 1 < ge, the premature
deindustrialization can result from a lower size of innovation in agriculture and a higher
size of innovation in industry.

If we have rather 1 > o¢, there are several sub-cases to distinguish.

First, if the parameters are such that
NsAs ' 1—o0¢ < NaAa

<
¢ T E()e+o—-27 47’

g and L,(0)/Ls(0) and thereby the labor share in the industry at its peak and the GDP
at that peak increase monotonously with v, and ~s and decrease with ~,,. The change
in respect to s is not monotonic (See Appendix A.2) Therefore, the premature deindus-
trialization, in this case, can result from a lower size of innovation in the agriculture and
services sectors and a higher size of innovation in industry.

Second, if
778)\8 na)\a < r 1—o0¢
o7 95 T E0)et+o-2

g and L,(0)/Ls(0) and thereby the labor share in the industry at its peak and the GDP at
that peak increase monotonously with s and decrease with -, while the change in respect
to 7y, is not monotonic (See Appendix A.2). Therefore, premature deindustrialization can
result from a lower size of innovation in the services sector and a higher size of innovation

in industry sector.

3 Acemoglu et al. (2018) for instance used & = 2.9 in the model of US firm-level innovation, productivity
growth, and reallocation featuring endogenous entry and exit. Uy et al. (2013) set € = 4 in their Ricardian
model of South Korea’s structural change. Lewis et al. (2022) use € = 2 in the paper where they evaluate
the role of structural change on global trade. Sposi et al. (2021) also following the literature and set ¢ = 2
in the Ricardian model they use to investigate the role of mechanisms behind structural change on the
explanation of deindustrialization and industry polarization in a sample of 28 countries.
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Finally, if
I 1—o0¢ < 7]5)\5 77a)\a
E@)e+o—-27 ¢7 7 ¢7°

g and L4 (0)/Ls(0) and thereby the labor share in the industry at its peak and the GDP at
that peak increase monotonously with v, and decrease with 7, while the change in respect
to 7s is not monotonic (See Appendix A.2). Premature deindustrialization can result from
a lower size of innovation in agriculture and a higher size of innovation in industry.

Table 3.1 summarizes our on how the sectoral efficiency of R&D activity A; and the
sectoral size of innovation ; affect the labor share in industry at its peak and the GDP

at that peak

Table 1: Productivity growth parameters and premature deindustrialization

NsAs < r 1—o¢ < NaAa NsAs  NaAa < T 1—o¢ r 1—oe < NsAs  NaXa
¢ T EO0)eto-27 ¢F $7 ' ¢ " EO0)eto-2 | B0 eto—2- 7 ¢
oF OF
1< P 0
< oe o <0, . <
oF F
0, 78 <0
0a Vm
OF OF OF OF OF OF
1 — <0, 0 — <0, 0 — <0, 0
> o Do 0 xs S Dm0 xS Do O ons S
F F F F F F F
OF o, 28 9 28 5y OF o, 9F 5 OF o, 2F <o
97a Oym s Oym 97s 07a m

Note : F refers to the labor share in industry at its peak s, (t*) and the GDP at that peak GDP(t*).

4 Conclusion

In this paper, we construct and endogenous Schumpeterian growth model of structural
change to analyze the phenomenon of premature deindustrialization documented by Rodrik
(2016). We show that PD can result from cross-country heterogeneity in the initial levels of
productivity and in the parameters governing sectoral innovation, namely the efficiency of
R&D activity and the size of innovation in each sector. We also show that this heterogeneity
affects the labor share in industry at its peak and GDP at that peak through the ratio of the
gap between productivity growth rates in agriculture and industry and the gap between
productivity growth rates in the industry and services sectors. This ratio captures the
tension between two opposing forces: the force which pushes workers from agriculture into

industry and the force that pulls workers from industry into services.
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Finally, it should be noted that our results depend on the assumption that the pro-
ductivity growth in services is lower than that in industry and then in agriculture and
on the assumption thatimposes a restriction on parameters to ensure the aggregate bal-
anced growth path. The first hypothesis is consistent with empirical evidence of sectoral
productivity from a large sample of countries.

Futur researchs can build detailed plant-level data to verify our predictions on the links
between sectoral innovation parameters and premature deindustrialization that we found
and in other hands use the framework develop in this model to study the opportunity to

set up specific innovation subsidy policies for each sector.
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APPENDIX

Appendix A. Mathematics details

In this appendix, we provide some Mathematics details.

A.1: Household optimization problem

The current value Hamiltonian of household utility maximization problem is given by

1-6 _
T (AW 1OACO) ) = SO ) [ w(0) 10 AW - Y RO
j=1
with .
co=| Y wom=| Y =1
j=a,m,s j=a,m,s

where p(t) is the costate variable associated with the representative consumer’s intertem-

poral budget constraint.
The first-order conditions in respect to C;(t) and A(t) are

1

07 C()s~0C(t)"% — p(t)Pi(t) = 0 Vj = a,m, s (A1)

Q=

u(t)r(t) = —4(t) + pu(t) (A.2)

Taking the ratio of the equation (6) for two sectors ¢ and j, we obtain :

(A.3)

We adopt the normalization

J
P(t) = [Z UkPk(t)l_U] =1
k=1
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Then, after some manipulation and summation, (A.3) implies

—a

o) = ;cxtm(t)“ ;nkpk<t>1“] T ;Pi(t)“ci(t). (A4)
Substituting equation (A.4) into (A.1) give
C;(t) = nyp(t) 9 Py(1)~° (A5)
Moreover (A.4) implies that
Py(1)Ci(t) = miPi(t)" 7 C(t) (A.6)

Summing this (A.6) for all sector and simplifying gives (A.2) yields

Taking the first derivative of (A.5) with respect to time and simplifying gives (A.2) leads

to the following Euler equation

Return to model setup.

A.2: Proof of proposition 1

Simple arithmetic manipulation budget constraint in equation (3) yields

E(t) = w(t)L + (1 — ) A(t). (A7)
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Furthermore, the asset market clearing condition implies that

P;(t)
A= 2 SH A (*8)

]:a7m7s

Substituting equations (12) and (14) in (A.8) and according to parameters restriction in

Assumption 1 we obtain

¢ : _1l—0c o
Alt)y= > TjjAj(t) =1 A(t)2°. (A.9)
j=a,m,s
Combining the wage in (14) and equations (A.7) and (A.9) leads to the following expression
of total expenditure
1—0o

E(t) = A@t) | £ ; Ly (r=") > gijjAj(t)—g_l A9 . (A.10)

j=a,m,s

Moreover,

d)j —1l=c d)] 71770( j 'o)t
2 RAMTE Y A ey

o . A .-
A;j(t) T AR ) = 22 Y ,
J( ) ( ) A(t)—(l—a) Z njgb}faAj(O)e—g(gj—gja)t

j=a,m,s

where g; = A;(t)/A;(t) and j, refers to the sector with the lest productivity growth rate,

Jo = argmin{g;, j = a,m, s}. According to this notation,
j
l—o .
e*;(gj Gjo )t »0, Vj 7,5 Jo-

It follows that

1—0o 1 ) 7
Aj(t)"=TA@W) ) —
’ Ajo Mo
Therefore, equation (A.10) can be rewritten as
e—1 o
E(t) = A(t L+ (r—v)—2—
() = AW) |7 Lt =)
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Given that C}(t) = ¢;Y;(t), simple arithmetic manipulation using equation (8), (12) yields
E(t)= Y FOC()=A®t) Y L) (A.11)
j=a,m,s j=a,m,s

Furthermore, the first other condition of the utility maximization problem given in equation

(6) implies that

which can be rewritten as

ST el T At

j:a’m)s

> iLi(t) = aLi(t) P —
j=a,m,s 771¢1 Al(t) et

After performing simple arithmetic manipulations, we find

R O ¥,
¢iL(t) = = j4(t)j(1w> [5 J].

It follows that

a

e—1 :
L+ r—vj"]. A.12
[ L (=) (A.12)

_l-0o
B iy TA; (1)
A(t)=(1=o)

zjLj(t) = L;(t)

Substituting the productivity growth rate in equation (?7?) in the arbitrary condition of

R&D in (39) we arrive at

(2= )y = 7= (05 = 1) - TN G40 AR + (2 ) V(0045 A

After manipulations give

1—

I'=(y -1

o _ 1o o N 1o o
T 1] Az A (0T AW L) — Lo A0 AW L),
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where I' = (2 — 0 — )y — p. Substituting the expression of z;L;(t) given by the equation
(A.12) in the equation below implies

L;(t) = {Wﬁ;_" ((’Yj ~1) i_ Z + 1) (5;1L +(y—r) /\j)]n]> + f\bjr}

-1
X A;(1)ETA()C <<%- it ”) . (A.13)

Finally combining equations (?7?), (A.12) and (A.13) yields the expression of productivity

growth rate in sector j

jjgg i =5 [Ajm <(7j R 1) (TLJF (v=r) ﬁ) +T

DT [ e-1 b
)\jT]j <€ -1 Qﬁ;f >
—(y—1) 2L L+ (y—r)~—2 ). A.14
=1 g (T g (A1)
To easily manipulate this expression, we denote by A; = (v; — 1) ;g + 1, recall also that
e—1 o
E(0) = L+(y—r —tJo |
0)=— ( ))‘jonjo
Therefore
A;(t) =L | Any Ajnj
= A;E0)+T| — (v — 1) =22 E(0)
Ait) o - g ! ¢7
€
Aj1lj Aj v~ 1
— (v; — )2 g 1| 4T
03 =1 B0 | o
€ €
_ il [ Am EO)
e vj +T
7 J
€
Thus
A;(t) V=1 [Ajm (5 1 i
= : L+(y=—r)y="— )7+l
A] (t) (p)/] _ 1) i_f:o[- + 1 — % qb?g € Ajo”’/jo

Return to model proposition 1.
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A.2: Labor share and GDP at peak in industry

Proof: Equation (45) implies that

La(O)efggat + Lm(O)efggmt* + Ls(o)e,ggst*

Lin(0)e~ =590

_ o5 amgmtr 4 g 4 Ls(0) —teggu—gore

Lin(0) L (0)

Furthermore,

and

_l_fa(gs_gm)t* _ |: 9s — 9m (La(o) >:| _ <La(0) > 1+g
e =1 =exp |— lo = .
Pl =g B\ L0 7.(0)?

Thus,

We now return to the calculation of GDP at the peak. We start by deriving the

expression of the aggregate productivity A(t) at the peak. The relation (15) implies that
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A = e (0l ) (0n0)7T) T e (00000) )

R ) B P Y (e e R - 1) I
) ()

+ 15 (9545(0)7
= (%Am(o)*ﬁ)l_o <§E8; g)‘Jqu [:;n (5;)1_0 (jj(%)))‘e—l <§8;g> s

=

Therefore

Return to Lemma 4

A.3: Variation of labor share and GDP at peak in industry

Proof: Recall that

Thus

Under Assumption 3, log < < 0.

08 (t*) 1 OSm (t*)
L5(0) g) > 0, then oy < 0. It follows that 99
Moreover,

D (t*) 1 g2 La(0) [Lg(0) \ T+~
Osm(t) " _ 1
07) 149 Ln(0) \ Z5(0)” (1+g)<0
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We turn now to differentiation with respect to relative productivity across sectors. Recall

that

1_07j+6+0_2>+¢jf] Aj(O)_E—1<1—05 0+5—2>1

L;(0) = [E(O)m'gﬁ}_" (

e—1 e—1 )‘j A(O)U*1 8(871)73’4‘ p—
Thus
9 [Lj(0)] _ 1-0Ai(0) L;(0)
043 [Li(o)] =T I A,0) L) (A.15)

Using the property of the compound derivative, we obtain

08 (1)1 B Osm ()™t 0 {LQ(O)]
Aa(0 o Lo (0 Aq(0
3,43505 9 O aAsgog L

Ls(0)

_ g1 — o Lq(0) (La(O)

e—1Ly(0)

In some way

Osm(t)™1 Bsp(t)L 0 [LQ(O)]

Aa(0 - Lo (0 A.(0
0140 orey Oxs Lm®
g
l-0o La(o) ST Am(o) La(o)
= — 1
e—1 <L5(0>9> F9%,0) T <°
Which shows that
Ospm (1) Ospm (1)
54a(0) <0, and 5 4a(0) >0
A4(0) Am(0)

We turn to the variation of the GDP at the peak. We first recall that

GDP(t*) = LA(t"),
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where A(t*) is given by

1- -0

A =m0 (00Aut)Z0) T (6mdn(6) ) e (uauer) )

= (6uda(0) 1) (igg; g> L (bntn0r ) <La(0) g>—ga-gs

9s

s (6.4,0)771) @8 9>

o) (5 220 () (280"

Sfw @@) (fi((%)))_: (76 g)]

We will focus on the derivation of A(t*) to analyze the variation GDP(t*). To simplify

~la

our calculations, we do the intermediate differentiation.

6A(t*)‘7_1 Z gj l—o 1-0o <La(0) >_gags_1
N/ = _ — i A(O) e—1 g < 0.
OFy s 9ee a7 L0
Furthermore,
9 <La<o> >"‘ _ m 1<La<o> )‘af"’as
ag LS(O) g ] B 9a —9s g Ls (0) g
o [(La0) N\ ™| 1 La(0) Lo(0) \ T
ag <L5<0>9> T T Iglie 1°g<Ls<0>g)“] (Ls<0>g)
o [(L.0) \7] 1 o ((Lal0 _1} La(0) \ T
ag <L5<0>g> | Tvg |1+ °g<Ls<0>g> g <L5<O>g>
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Given these intermediate calculations, we can write

oMo [ () () ()

(
nrt () Tl )R (e ()
v ()T () [ () - 1) e}

(i ()

where

Performing some arithmetical manipulation yields

MO et o () () () ]
s ()RR ()
ity ()RR et () ) ()
s () (36) () ()

s ()T GR) ()
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!<><> COM
st (2)7 () ()

1:g< ) GER) T [ () ) ()

()T GR) () (55

dg

All the lines of this differentiation are less than zero. Thus < 0. We conclude

that aA(t ) > 0 a,nd then M
dg dg

We now compute derive GDP with respect to the relative level of initial productivity.

> 0.

l1—0o ga

N5y~ GESS g) B et (iégi > e GES; g) ="

1 8A(t*)0—1 oy . ¢170 (La(O) g) hng 1 aizgg;
w0 = o i (o) oum
l—0o
_Izo ¢1 o (Aa(0)) =1 - L,(0) “Gass
e-1 A0 L.(0) 7
7170' B La(0
_ 9a l1—0o <Aa(0)> el (La(O) g> ga gs -1 8LSEO§
e Al (0
g Js AS(O) Ls(O) aAsgog
l—0o
- or Am(0)\ =T (La(0) T aLsgog
14g¢ 9Mm AS(O) LS(O) g a‘gaggg
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Substituting equation (A.15) in the third row gives

Lq(0
1 At )t g e (La(o) g) ! 3L5§o§

_1l-0o Aq (0 - NsPs
Ay (0)7=1 arsgo)) l+yg

_1—0’ g9 _ La 0
L gy () (1t 0
1+g mem Aq(0) L,(0) 83‘5‘85
Therefore
[ (o L R (La(o) g) ! O
Tl A.(0) 57s Aq (0
A0 = oy 1ty L:(0) %00
l—0o
l—0 gs l1—o Aq(0) Tt La(0) T
5_1ga_gsna “ AS(O) LS(O)g
_lze —9 _1 5La(0
— I gnmol <Am(0)> h (L“(O) g) ! Ot
1+g mem Aq(0) L,(0) 8?‘:85
Lq(0)
A(t* o—1 DP(t*
Since js(o) < 0, the equations above imply that w > 0. Thus M < 0.
§Aa(0) §Aa(0) §Aa(0)
As(0) As(0) As(0)
Finally,

DAY ™ _ 1o ae o A,0)) T (La(0) |
= — Am(o) e—1 q’la(b g g < 0
A, (0 _ a
DP(t*
It follows that OGT(O(;) > 0. Return to proposition 2.
A'm(o)
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A.3: Static comparative in g and L,(0)/L4(0)

Proof Recall that

Aj(t) Vi — 1 —)\j77j (5 -1 qb]qo
9; = = = - L+ (y—r) v+ T
TOAW) (- EFH1- e \ e NioTjo )
v~ 1 A
= , EQO)y; +T A.16
(- &ef+1-2 | ¢fe (O (A.16)
Thus, differentiating (A.16) with respect to ;
99; =1 (Aﬁ?j ) Aty 71
= E(0)y; + T | + —=—FE(0) ! - > 0.
. 2 J i 1— Y.
D (7j—1)—i:‘1’+1—%} ¢je pje (vi—1=f+1-+2

Differentiating (A.16) with respect to A; for j # jo,

995 _ %~ 1
N (y-DiE2+1-

77j
- 7E(0) >0
5 Y
6](;5;;5

Since E(0) = 2.1 (Eg—lL + (v — r)%) depend on \;, and given that under Assumption

= o
PJe

2, jo = s, we can have, differentiating (A.16) with respect to Ag for j # j, gives

dg; v —1 Ajnj oy

= - — - (y—r v; < 0.
OAs ('yj—l)i_l +1—7€—J qus( )/\3 s
Moreover,
d9s Vs — 1 ns €—1 1-0o
= L -1 +1)]>0.
MNs (- +1-2L¢e ¢ (s )5—1

We use these intermediate differentiation to perform the differentiation of g with respect

to v; and A; as follows.

dg 1 0gq dg 9o — 9s  Ogm dg 9o — gm 09s
= > 0’ = — < O, - - > 0'
87a Im — Js a’}/a 8'7771 (gm - 95)2 8’7771 a’)/s (gm - 95)2 8'75
(A.17)
dg 1 Ogq dg 9o — 9s  Ogm dg 9o — gm 09s
= >0 = — <0 = — > 0.
O 9m — YGs O0Aq ’ 0Am (gm - 95)2 8'Ym ’ OAs (gm - 93)2 OAs
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Statistic comparative in L, (0)/Ls(0) Recall that

—c —0 —0 o— 4’ i
L;(0) (Aj(0)>—il E(0)n;¢, (ifﬂj + 6212) +5T (v-1EF+1-2
L:i(0) ~ \ 4;(0) (- +1-% E0)nip; ¢ (i%{w + 52512) + 5T
—o —0 —0 Eto— éj —0€ Et+o—
B <Aj(0)>_i—1 E(0)n;¢; (iﬁ%‘ + Jg—12> +xT ot S
A;(0) o+ BO)yg ™ (L5 + £252) + 4T
Thus,
E(0)n: l-01—¢  e4+0—2 _ 1 oet+o—2 ;T
9, {Lj(O)} =F R ( Y
ov; | Li(0)] ~ 2
7 LLi(0) [(%’ 1)1*1 +1- }
o BOm} 7t smrger — doe 67
= I 2
(5 =D 1= 2]
FRE(0) ¢4
A N, I 11—
= ele=1) , 5(e+o—2) (njaj_E(0)€+U(7_52>
(5 =D 1= 2] /
where g
P (Aj(0)> (i — )= +1-
43 (0) E0)nip; ¢ (l?i’%' + 52 2) + T
Thus
L4 (0) Na A\ ' 1-o0¢
= -2 —
w5 [20]) —me e -2 (% - mgee )]
Lq(0) NaA I 1-o¢
— —2 —
s (5 [ 22 ]) = [+ -0 (% - 2o s
Moreover

l1-0o +o—2 4 l-0c ¢ +o0—2 1—0c l—0
0 l:Lj(O):| =F3 ele— i:) (6 E( )md’i + \; ) — 6871 . sflE(O)mqbi

P L) (Bl (s - 1izg +1-2) + 41
. f?f—(?)) %(5 +0—2) (mA I 1—o0¢ )
- 2 o _
[E(O)W ((’vj —1) 1 ”;) + ¢ﬂ o E0)eto-2
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1—0

+o—-2
6(6—15) Vit : e—1

— l-0 (1—0c o—2 ¢;
<Aj(0)>il E(0)n;¢; (ﬁ%’ +55 ) Y

Thus

o (8] e (2 )]

sin (5o 2@ ) =~ e+ (M5 - pgyree) )

Furthermore

0 [La(0)] _ 9 [La(0)] _
ot bl U o B
We turn to the differentiation with respect to xxx
bj —o
9 [Lj(o ] B I3 (Aj(o)>‘il (i —DI=f +1
ON; LLi(0)] (=)= +1 -2 \Ai(0) BO)ol ™ (i - DiEf+1-2) + ¢
¢z l1—0o —0
0 [Lj(o ] B Fg <(%—1)a 1+1) <Aj(0)>—i_1
o\i | Li(0)]| — — ; ; A; (0
(0) [E(o)mcb} ((% —1)izr 1 %) + & r] (0)

Given the following calculation, we can write

[ <o [0 <o (0] <0 2[00

We compute no differentiation with respect to As;. Recall that

95 9E(0) 4

_e—1 .
)\sns As )\gns

E(0) = . L+ (y—r)
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Thus,

a5, [2) >0 g (25 )
><: (0)ns6 ”(1 (1;% 6t012>+¢;8]
st (e ) - %
x:E(O) J¢}”< =i HUI) Q:ﬂ

e—1

B 6 o flee  eto—2
— =52, Y g—ﬂﬁ —

0¥ 1— l—0 et+o—2 l1—0 eE+o—2
—7r)E(0 0 LIS 7 ;
+(’Y T) ( )njd) )\?775778 S 5_175+ 6_1 8_1’YJ+ 5_1

o0 67 . [(l-0  eto—2
= T)Aj A21)s 1505 Rt

qSS - (1 —0 e+o—2
)\2 ()]¢ 5—1]+ e—1
¢SF¢j
HISVEDY

S

L — _ — —
0 [ J(O)]OC—<’)/ ) ()775¢1 o ¢s ](bl a( ?]+E+U 2) (i_Z’YS—FE—’;ilQ)

Substituting the expression of E(0) and rearranging yields

8 )-8 o (227
+(r - r)¢; Ag - 1 < €+iI )+¢;§F¢;\j
+¢;§F€e %1 U( — +€J;i;2>
+¢;;(7 1- a< 5_£i12>

It follows that

L;(0)
Z:00) _ -0 Et+o—2 njAj (1—o  e+o0—2
O0As =50 7,)<5—1%+ e—1 HD S € Lgb" 5—1%+ e—1

(A.18)
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where

FL= <AJ(0)>_£7 (s — 1)1=2 i

. —~ (lzco eto—2 $s .\ 705 b
€ -0 i
A,(0) 7 (E(O)ns¢5 ( — s + > + r> r%i%s

e—1 )\s )\j )\g

Therefore,

) [Lam)

O LS(O)] > 0. Return to proposition 3.

A.4: Variation of L,(0)/Ls(0)

0 [(Ll0) \“TH]| o La(0)
ax (Lxmg> ] 6X‘“p{_1+ [bg<L4®>'+bg4}
_ 1 a(0) g 3§Z§8§ L4(0) 1 8g | [ La(0) \ T
: {<1+g>21°g<Ls<o>g>1+g 0X Li(0) 1+g0X <L5<0>g)
057 (t)  [OTe . o Lal0) B9 | (Lal0) \ 7T La0) L (L) T
ox | Tax MOt L oax (Ls(0)9> a0 +9)<LS(0)9)
| La(0) g OFm L) 1 g
{(Hg)?log(umg)wg 0X L,(0) 1+g0X
L,(0) La(0) \ "5 | 075G L) . 1 dg
_Lm(0)<1+9)<L5(0)9> 09X La(0) ' (1+g)0X
1 La(0) g 0L L(0) 1 g
‘X1+gﬁk%(L4mg>‘1+g 90X L,(0) 1+g0X
Thus

05, () _ | 0L Lm(0) o (229, - g 070 L)
X X Lo(0) (1192 B\L,07) 14g 80X L.(0)
La(0) La(0) \ T
o (e
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(89 ] Sty -

i La(0) i
| (L) 2EB L) 2, x ag] (L0 )™

oy e\ L.(0) 0y La(0) 0y 297 g oy | \Ls(0)

B L,(0) R
R bg(La(m )_X,amo) L(0) xi 99 (Lam) g) Y
87j LS(O) ’ a’Yj La(o) g a’Yj LS(O)

_ Lq(0) s
dA(t*)7 ! - e | Oxi (La(o) ) OT:0) Ls(0)  xi g | (La(0) \7X
= o O—Ai 0 e—1 — l — ] S J— Ji a
gy & AT 5 s (T00) TN L) g o (Z02)

_ La(0) il g (=2 Oxi ((La(0) \ 7
- e <L5(0>g> i:%s"“ﬁi A= 5 (L) !
aia(o) L B —Xi
2 Ls(0) 199 PSP (La(O) )
— + - i Dy AZ 0) =1 i
( 87]- La(0) g 8'7]' iaz,r:n,sn ¢ ©) X Ls(0) I

Return to proposition 3.
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